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EVOLUTION OF THE LONG WAVE FINITE PERTURBATIONS
DURING NONSTEADY COMBUSTION OF POWDER

V.S. BERMAN

The problem of nonsteady combustion of powder is considered within the framework of

the modified Zel'dovich—Novozhilov model /1,2/. The development of the finite sur-
face perturbations and the initial temperature profile and studied under the assump-
tions that the characteristic distance at which the perturbations change significantly
is much greater than the characteristic dimension of relaxation of the stationary

temperature profile. The method of multiple scales is used to derive the equations

describing the evolution in time of the combustion surface and temperature fieldin
the three-dimensional space. Only the long wave structure is considered, and solu-

tions discontinuous in the given approximation are constructed. The internal struc-
ture of the discontinuities is not studied.

The model /1,2/ of nonsteady combustion of powder (condensed phase) is based on the as-
sumption that the thermal relaxation of the condensed phase is the only inertial phase in the
gas plus powder system. It is also assumed that the chemical reaction taking place in the
powder at the gas-condensed phase interface is quasistationary and occupies a region signific-
antly smaller than that determined by the characteristic dimension of the thermal relaxation.

An analogous problem arises in the study of the process when high power radiation acts on
matter /3,4/. The problem of nonsteady combustion of powder where the burning surface is flat,
was studied in /1,2/. Basically, this consisted of investigating the stability of the steady
state modes under small perturbations /1,2/. A self-similar mode of powder combustion was
obtained in /5/, and nonlinear transition combustion modes were studied by numerical methods
in /6/. The present paper attempts an analytic solution of the problem of powder combustion
in the three-dimensional formulation under the condition that the external conditions, the in-
itial temperature distribution and initial form of the surface all change sufficiently slowly.

1. Basic equations. Let us denote by !, the characteristic time of variation in the
external condition, and by [/, the characteristic dimension over which the initial temperature
distribution, the form of the surface and the erosion flux, all vary. We further assume that
the following relations hold:

O (to/t) = 0 (/1) =&, 0<<e<<H (1.1)

where I, is the characteristic dimension and f; the characteristic time of thermal relaxation.
We assume that the region X > S (Y, Z,!) corresponds to the space occupied by the powder where
S (Y, Z,t) is the burning surface. The problem is formulated mathematically as follows:

a6 028 9208 9’8 (1.2)

“or T 9x3 oY 7%

O(X,Y,2,0) =6 (X,Y,%2),S(Y,Z,0) =SV, 2)
0 (S (Y, z, t)v Y’ Zv t) =@ ((Pa P (t)a Q (Yv Zv t))

8 (00, Y, Z. 1) =0, w:]‘;—ﬁ(s(y,z,z),y,z.t)

V., = (3S/at) 1 + (9S/Y)? + (3S/6Z)): = F (g, P, Q)

Here © is the dimensionless temperature of the powder, t is time, R = (X, Y, Z) is the vector of
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Perturbations during combustion of powder 815

space variables, ©°(R) is the initial temperature distribution, ® and F are given functions
of their arguments, ¢ is the temperature gradient normal to the surface, N denotes the normal
to the surface, V, is the normal rate of motion of the surface, X — S(Y, Z, t) = 0 is the equa-
tion describing the burning surface, P (f) is the gas pressure and @ (Y, Z, t) is the velocity of
the erosion flux. Solving the problem (1.2) yields © (R, #) and S (Y, Z, 1) for the given
0°(R), S°(Y, Z), D, F, P, Q. We note that the determination of the functions F and ® which can,
generally speaking, depend also on R,t and ¢ explicitly, is a complicated problem. The problem
is reduced to that of solving the steady state transport equation in the gas phase (X — 8 (v,
Z, 1) <0 under the parametric dependence of the variables on time. Solution of the heat and
mass transfer in the gaseous phase is made easier by taking into account the large values of
the reaction activation energy which makes it possible to apply the method of matching asymp-
totic expansions. For the one-dimensional case (plane surface of combustion) the method of
determining the functions F and @ is thoroughly discussed in /1,2/. No solution is available
so far for the two-dimensional and three-dimensional case.

Since here we concern ourselves with the case when & is small, it is possible to use the
quasi one-dimensional variant of Fand ®. Therefore, in what follows, we shall regard F and
@O as the principal terms of expansions of the corresponding multidimensional analogs into
series in &, for fixed Rg and te . The system (1.2) admits a one-dimensional steady state
solution

S=Vt,0(X,Y,Z,t) =A expl— V(X — V1)l (1.3)
¢=VA, P=P°, Q=0
V = F(AV,P°,0), 4 = @AV, P°,0) (1.4)

The constants V and A are obtained from the solution of the algebraic equations (1.4). Taking
into account the fact that the initial distributions vary smoothly, we pass to new independent

variables
T=c¢t v==c¢R, v=(z, ¥y, 2)

Then the problem (1.2) assumes the form
96/0r = eAB, A = 9%/0z* + 0*/oy* 4 3%dz® (1.5)
B(r,0)= A" ()exp(—e7f' ()}, (s r)=0, To=(p.2)
O(S(ter), 1, 1) =D (9, 13, 7)., @=¢ % (5 (ras Ty vg, )
6 (o0, 1y, 1) =0 ' )
€ (@s/ory {1 + e | Vys Bl = F (g, t,, 1)
s(ey, 1, 8) = S (R,, t), v = d/de, V, = 0%/gr?

We note that the steady state solution (1.3), (1.4) can be obtained from it by setting A°(r) =
A = const, f*(r)=Vaz and A=0(), V = 0(1). The method of regular perturbations is used in
/7/ to obtain the solution of one-dimensional problem under the assumption that the initial
distribution corresponds to a stationary distribution. The solution obtained however is not
uniform with respect to the space variables.

2. Method of solution. we shall seek the solution of the problem (1.5) using the
multiple scales method /8,9/. 1In the present case the method resembles the ray method of geo-

metrical optics /9—12/ which is usually employed in solving linear problems. The method is
used in /13/ to solve a nonlinear parabolic equation. Following /9/ we introduce the rapid
variable

n==E(r te)e! = s E

f Ei/gi—l | = 0 (1)

Here §;(r,1) are unknown functions which are determined in the course of solving the problem.

ng 1

We shall seek a solution of (l.5) in the form of a uniformly suitable expansion

{r,T) + ek, (r, 1) 4 £2E 4+ ..l (2.1)

[
Ly
[

6 =0,(n,1,v) +eO;(m, v, 7) + 0, (n,e,7) + ..., (2.2)
16:/0;., | = 0 (1)
5 (ry, 1) = €71 {55 (v,1) + &5, (¥5, ) + . . .] (2.3

Taking into account (2.1) and passing from (t,r) to (r,r,7n), we have



816 V.S. Berman

a 6

9 _ L9 0
=

KT
—erfvip 2 e (A +2(V§V)an) +A

e (2.4)

Substituting the expansion (2.2) into the first relation of (1.5) and taking (2.4) into ac-
count, we obtain

0 ar, 09
[V&l’%{——ﬁﬁ"zo (2.5)
and solving (2.5) we obtain
8, (M, v, 1) = a(r, 1) exp (g-m) + b (r, 1), g (r, T) = (9L,/IT) | V&, |2 (2.6)

The functions a(r,t) and b (r, T) are obtained from the equations for the subsequent terms of
the expansions (2.2). We note that we can put & (r, 1) = 0, without loss of generality. This
follows from the form of (2.6). Further, carrying out the expansion in &, we have

%0, 9! 8 a8, [4 a8
Vel Gt — o S = 2o (A, 2o 4 295y I) (2.7)
320 0, 00 a 28 a8 928
| VB0 |2 T — o Tt == S — (A% T+ 2V L) — 2(VE,- Vi) S0t — 48 (2.8)

From (2.6) we see that the necessary condition for constructing the uniformly suitable
expansion (2.2) is, that the solution ®;(y,v,7)(j = 1,2) should contain no terms of the type M
and 'qeg“ (i >1). To remove such terms from the solution (2.7} it is necessary that the follow-
ing relations hold:

/ot =0, b(e, 0)=0, b(r, T)=0 (2.9)
dglor — 2g (VE,-V) g =0 (2.10)
daldt — 2VE,-V(ag) — agAt, = 0 (2.11)

Similarly, considering the right-hand side of (2.8) we can see that the term A@, yields terms
of the form |[yg|n®exp (gn). It is therefore necessary to put |yg |2 =10. This, together with

(2.10), yields g = const. We choose without loss of generality const = —1, and this yields the
following Hamilton —Jacobi equation for  §, (v, 1):
OFy/ot + | VE, 2 =0 (2.12)
while for a(r, t) (2.11) yields
0alot + 2 (V& V) a + aAf, = 0 (2.13)
Equations (2.12), (2.13) can be solved using the method of characteristics /14/. Let us
introduce the function p = V§,, ¢ = 0§,/dt. Then (2.12) will assume the form ¢= —|p (% The
characteristic equations ({ is a parameter describing the motion along the characteristic):
dr dp dv g 4
d—c_2p, i =0, 71—5*1, f_() (2.14)

difdi =g+ 2|plP=1pP

Taking into account (2.14) we obtain
d/dt = alov 4 2p-V

and equation (2.13) assumes the form

da/df + aV-p =0 (2.15)

Integrating (2.14) and (2.15) we obtain

J

4
t=1, + 2Pl P="Po, §=qo, T— To=10 & —8& = Ip *L, a—_:aoexp<-SV-pd§’)
0

where Ty, P, o> To, &gy 4 are the values of the corresponding quantities at § = 0.
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We formulate for §,(r, t) and a(r, 1) the following problem with boundary conditions:
&0 (x = so (vg, =0 a(= So (ry, 1), T, T) = D, E.o (r, 0) = r (r), ar, O) = Ao(r) (2.16)
The solution of (2.12) can be, generally speaking, discontinuous. This is apparent even from
the fact that is we introduce u (r, 1) = VE, and take the gradient of (2.12), then we have
oulor + 2u-Vu= 0
which represents an equation, well known in gas dynamics /15/, leading to the discontinuous
solutions. When the initial and boundary conditions (2.19) are matched, i.e. when
fo (SO (l‘2, O)’ LY O) = O» AD (30 ("21 0)1 0) =0

the solution of (2.12), (2.13) can have derivatives with discontinuities.

The appearance of discontinuities suggests that narrow zones exist in the (r, T) space in
the asymptotic solution (2.2), in which the approcach adopted here cannot be used. Such discon-
tinuities resemble shock waves of gas dynamics /15/. In order to study their structure, we
must begin from the complete equations (1.5} and construct the correspending new expansions.
The equation describing the evolution of the combustion surface

0so/ar [1 + | Vysy BI7: = F (g, T, Ty) S (xay 0) = 5,° (1) (2.17)

will be dealt with below. We note that the quantity ¢, is equal to

9o
dz

a +o(l)

9
e IW (a (e Dexp(—=m| ... o —stra, T

divided by the cosine of the angle between the normal and the g-axis.
To find the solution of (2.2) in the neighborhood of s°(r,, 1), we expand &, (r, T) into a
series in {(z — 5°(r,, T)):

8o (1, 7) = a (15 T) (2 — %) + o ((x — 59)) (2.18)
Substituting (2.18) into (2.12) and setting z — s° we obtain

ds,

a(lz, T)=—3T-['1 -i—lVQSoIz]_l (2.19)

Calculating the projection on the normal to the surface yields
O ﬁ 1
Po(r2, T) = (&', 1, V) 5= [L 4 | Vaso P (2.20)

We note that the temperature gradient is governed at every point of the surface by the same
relation as in the steady state solution (1.3). Indeed we have

Po (l’, T) =a (so’ T3, T) I/TIo (sﬂv T2s T) (2'21)

Thus by solving the algebraic equations entering (1.5) for ¢ and V,° = (3s)/dt) [1 + | Va8, |27

we obtain two equations for determining the form and temperature of the surface. The absence

of real roots of these equations indicates the absence of combustion-extinction. Thus we have
the following expressions for determining a (r3, 1) and S, (rp, T) ¢

20 1 | Vaso [ = B (e 1) > 0, 50 (12, 0) = 5¢° (1) (2.22)

a(ry, T) =y (5 (r5, 7), 1,T) >0 (2.23)

where B and y are known functions of their arguments. The Cauchy problem (2.22) can be solved
using the method of characteristics

deyjdt = — B (e, T)p (1 + | p, P2, L5 Bra, 1) (1-F [paft)e, BL—V,B, Po="Vso(ra,v) (2-24)
at dv

and in the case when J (rfy, t) = P (1), the characteristic equation (2.24) yields (n is a para-
meter)
L—n=GMT, s —s°m=8BmT (2.25)
T
T=Sﬁ(8)dsv G () =— Vase®| (1 + | Vosa’ ) fem B () = (1 + 195" | *)™tfrimm

0
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3. Plane surface of combustion. Consider a particular case
5o (r: 0) = 05 a (r) = a (2) and ) =@, 0@, t,r) =0, 1),F=F(g 1)

Since the boundary and initial conditions are arbitrary, the solution of (2.12) and (2.13) and
equations describing the surface

dsy/dt = F (¢, 1), 8 (0) = 0 (3.1)

are all independent of the coordinates y and 2. Two families of characteristics exist. One
family originates on the axis 1= 0(0 <{z < o0) and the other on z = 5, (t). For the first
family v, =0, { =1 we have from (2.5)

2 —m=252 @) b () = (L @) T (3.2)

a (2, 1) = A4° (@) exp | — S @] x [t+2
0

‘Zg (o (1)) ’I,"-|—1 dt’

and the other family has the form (y is a parameter)

dsg

z=50(v) + 2 (M (T—7) (3.3)

Wen=[Fm] -y

4

The value of the parameter ¢y == corresponds to the surface z = § (t). In the case when the
initial distribution is stationary, (3.2) vields for A° =1, °(2) = x
Ty =x—27, E(z, 1) =2 —1

a(z,7) =1 when z>2t

4. Two-dimensional surface of combustion. Let us consider the combustion of pow-
der in the framework of the model given in /1,2/. Let the surface of combustion have the form
z =8 (y,0) = o (y) at the initial instant. Let also the erosion flux be absent. Then the
equation describing the evolution of the surface has the form

dsg

2=V () V' 1+ @50/09)% 50 (3, 0) = (y) (4.1)

where V (1) is the local normal velocity of motion of the surface. It is convenient to intro-
duce at this stage a new, time-like variable

T

r=\V(@)av
0
Then from (4.1) follows
50/0T =V 1T+ (050/0y)% 50 (y, T =0) =0 (y) (4.2)

From {(2.25) we have the following expressions for (4.2) (n is a parameter):

=i ()T
ametr=[1+ (5]

Consider the case when o (y) is a periodic function. Then dw/dy = 0 when mn =nmn, where nm, is
a root of the equation dw/dn(m = n,) = 0. We have

So=T+(’J(T|'n)v Yy =Mn
Let us assume, for the sake of definitness, that
o(y) =08cosy,d >0, m,=na,n=0,1,2,...

Then m, = nn, n=0,1,2,. ., ., From the first equation we cbtain

(y —m)/T = 8sinm[1 + 8sin? Nl = G (n) (4.4)

since ® (y) is periodic, it is sufficient to consider the case —n< y <7 We shall solve
the equation (4.4) graphically. Fig.l depicts the graph of the right-hand side of (4.4). We
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project for —n<<y<0 the straight 1line
I1(y —nm) T'. The point of intersection of the
straight line I with G (y) tends, with increas-

7 ing T, to the point =0, and as T — oo,
(4.4) and the second equation of (4.3) together
\ yield

\ X .\y \f M=+ +o(T), —aly<0 (4.5)

N\ \ 7 N\ =T+ 8+ Lt o(TY) as T—oo

\ \ 37 CH
The first equation of (4.4) yields. at the

peints = —n,n=0 and 7n=mnx,
l“_a'l‘T! y=—n
Fig.1 = +0+7, y=0 (4.6)
I——G—}—T, y==ma
When 0 < y<<an, then the point of intersection of G {n) with the straight line tendsto n= 0
as T — o0. Thuswe have
=y/8T) + o (TN, 0<y<<nmn (4.7)

o N " 2 N £ty
so=8-+T + 4 +o(T™

A similar construction can be carried out for other values of y. When 7T -—» oo, the form of

the surface assumes, in accordance with {4.5)— {4.7), the form depicted in Fig.2 {5, — 7). Thus
in the scale €™ the surface of combustion tends to a plane except at a finite number of points
such as in the case cos(y) = —1;y =2k + 1) n; k=0, +1, 2.
e ! < t
VAR ERN

/1N 1
/ \

\ / . g4
\g%’" / Jz‘\ /I%f /
\ / /

\
\ ; 7
4 N4 Y
N- -1- Fig.3

\ 4

Fig.2

Generally speaking, when the surface profile is "twisted” near the points with 1large
curvature, the proposed asymptotic method becomes inapplicable and the solution constructed
here must be regarded as the outer /8,9/ solution. The structure of "projections" appearing
on the surface of combustion at the points must be investigated by passing to the spatial vari-
ables R. We note that the surface of combustion can be constructed using the method analog-
ous to the Huygens principle /16/ used in a number of works to describe the propagation of
a gas flame, e.g. in /17,18/.

Next we consider the case do/dy(+ «)=0. We can put e (—ow) =0 without loss of general-
ity. We introduce the function u(y, T):

y
ww,n=7— § v na
and in place of (4.2) we have
du 4 ©
7 Ty Vit wi=0, u@m0=—-—7 (4.8)
Let now @ (y) be a monotonously decreasing and sufficiently smooth function © (4 o) = w,<0
with a nonzero derivative on the finite interval (0, L) When |do/dy|<1, the radical in (4.8)
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can be expanded into a series and we can take into account only two terms of this expansion
in the first approximation. Then as 7—o, the solution can be written, in the following ex-
plicit form /19/:

T, y <0
soly, T) = | T —w2(2T), 0<<y<Val
T+ o, Val <y
a = — 20,

We note that the expansion of the radical is allowed when ¢<£|do/dy|, otherwise these
terms will appear only in the subsequent orders of the expansion s (z, 9,8 a). Using above
formulas we obtain the equation of the surface of combustion as 7 — co in the formz — s (v, T) == 0.
If on the other hand o (y) is sifficiently smooth and has the form shown in Fig.3 (o (0) = max o
(¥)) and de/dy==0, of a finite segment, then using the approximation in which the above form-
ulas was derived, we obtain for 7 -

(T, y<—VBT
Soly, T) =\ T ==yy2T)+ B2, —VBT<y<Val
T — (o — B)/2, Val <y

B = 20(), a=2((0) — o), o, =0

The author thanks Iu.S. Riazantsev for assessing the paper.
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